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Introduction 

A fundamental concept in Topos Theory is the notion of subtopos: a subtopos 
of a topos f is a full subcategory which is closed under finite limits in £, and 
such that the inclusion functor has a left adjoint which preserves finite limits. 
It then follows that this subcategory is itself a topos, and its internal logic has 
a convenient description in terms of the internal logic of £. Subtoposes of £ are 
in 1-1 correspondence with local operators in £: these are certain endomaps on 
the subobject classifier of £. 

Whereas local operators/subtoposes of Grothendieck toposes can be neatly 
described in terms of Grothendieck topologies, for realizability toposes the study 
of local operators is not so easy. Yet it is important, since many variations on 
realizability, such as modified realizability, extensional realizability and Lifschitz 
realizability arise as the internal logic of subtoposes of standard realizability 
toposes. 

Already in his seminal paper [2] where he introduces the effective topos £ff 
(the mother of all realizability toposes), Martin Hyland studied local operators 
and established that there is an order-preserving embedding of the Turing de- 
grees in the lattice of local operators. Andy Pitts in his thesis ([14]) has also 
some material (and in particular an example of a local operator which differs 
from the examples in Hyland's paper, and which will be studied a bit further 
in the present paper); there is a small note by Wesley Phoa ([13:); and finally, 
the second author of the present paper identified the local operator which cor- 
responds to Lifschitz' realizability ([201 [21]). But as far as we are aware, this is 
aU. 

The lattice of local operators in £ff is vast and notoriously difficult to study. 
We seem to lack methods to construct local operators and tell them apart. The 
present paper aims to improve on this situation in the following way: it is 
shown (theorem 12. 3p that every local operator is the internal join of a family 
(indexed by a nonempty set of natural numbers) of local operators induced by a 
nonempty family of subsets of N (which we call basic local operators). Then, we 
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introduce a technical tool (sights) by which we can study inequalities between 
basic local operators. We construct an infinity of new basic local operators 
and we have some results about what new functions from natural numbers to 
natural numbers arise in the corresponding subtoposes. For many of our finitary 
examples (finite collections of finite sets) we can show that they do not create 
any new number-theoretic functions; for Pitts' example we can show that it 
forces all arithmetical functions to be total. This seems interesting: we have 
a realizability-like topos which, though far from being Boolean, yet satisfies 
true arithmetic (theorem 16. 3p . There might be genuine models of nonstandard 
arithmetic in this topos (by McCarty's [5], such cannot exist in £ff: see also 
P9 ). Since Pitts' local operator is induced by the collection of cofinite subsets 
of N, this is reminiscent of Moerdijk and Palmgren's work on intuitionistic 
nonstandard models ([lU[T2]) obtained by filters. 

There are other reasons why one should be interested in the lattice of local 
operators in £ff. It is a Heyting algebra in which, as we saw, the Turing degrees 
embed. It shares this feature with the (dual of the) Medvedev lattice ('[lOj). 
which enjoys a lot of attention these days. Apart from the work by Sorbi and 
Terwijn (see, e.g., [HI [181 HZ]) who study the logical properties of this lattice, 
there is the program Degree Theory: a New Beginning of Steve Simpson, who 
argues that degree theory should be studied within the Medvedev lattice. From 
his plenary address 'Mass Problems' at the Logic Colloquium meeting in Bern, 
2008 ([H]): "In the 1980s and 1990s, degree theory fell into disrepute. In my 
opinion, this decUne was due to an excessive concentration on methodological 
aspects, to the exclusion of foundationally significant aspects. Indeed, it is 
commonplace in mathematics, in order to study certain structures, to embed 
them into larger ones with better properties (the passage from ring elements to 
ideals in number theory; the passage from elements of a structure to types in 
model theory). By the way, the relationship between the Medvedev lattice and 
the lattice of local operators in £ff seems a worthwhile research project. 

This paper is organized as follows. Section 1 reminds the reader of some 
generalities about the subobject classifier ft, its set of monotone endomaps and 
local operators, for as much as is relevant to this paper. Section 2 studies these 
things in the effective topos. Section 3 recalls known facts from the (limited) 
literature on the subject. In section 4 we introduce our main innovation: the 
concept of sights. Section 5, Calculations, then presents our results. Finally, 
we present a concrete definition of truth for first-order arithmetic in subtoposes 
corresponding to local operators, using the language of sights. 

A remark on authorship of the results: most of the technical material was 
presented in the first author's doctoral thesis ([7]). 

Notation 

In this paper, juxtaposition of two terms for numbers: nm will almost always 
stand for: the result of the n-th partial recursive function to m. The only 
exception is in the conditions in statements in section 5, where '2m' really 
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means 2 times to, and in the proof of 15.31 where dm also means d times to. We 
hope the reader can put up with this. 

We use the Kleene symbol ~ between two possibly undefined terms. We 
use (, ) for coded sequences and (— )i for the i-th element of a coded sequence. 
The symbol * between coded sequences means: take the code of the concate- 
nated sequence; so if a = (ao, . . . , a„„i) and b = (&o, . . . , 6m-i} then a * b = 
(ao, . . . , fln-i, bo, ... , bm~i)- We use Xx.t for a standard index of a partial re- 
cursive function sending x to t. 

We employ the logical symbols A, — > etc. between formulas, but in the con- 
text of £ff also between subsets of N, where 

AAB = {{a,b)\a e A,b e B} 
A ^ B = {e I for all a G A, ea is defined and in B} 

For further, unexplained, standard notations regarding the effective topos, 
we refer to the treatment [22] . 

1 Subobject classifier, monotone maps amd lo- 
cal operators 

We shall use the internal language of toposes freely; we refer to one of several 
available text books on Topos Theory (^6, SJffl) for expositions of this topic. 

If 1 ^ n is a subobject classifier, elements of fl will act as propositions {il is 
the power set of a one-element set {*}; and p E will also denote the proposition 
"* £ p"); hence 51 is a model of second-order intuitionistic propositional logic. 
When we use an expression from this logic and say that it 'holds', or is 'true', 
we have this standard interpretation in mind. 

Top and bottom elements of are denoted by T and ±, respectively. 

Definition 1.1 A local operator is a map j : fi J7 such that the following 
statements are true: 

a) Vp.p-^jip) 

b) Vpq.j (pAq)^ j (p) A j (q) 

c) yp-j{j{p))~^P 

Equivalently, j is a local operator iff the following statements are true: 

i) Vpq-ip q) ^ Uip) j{q)) 

ii) T^j(T) 

iii) yp-j{j{p)) j{p) 

A monotone map is a map j : Q for which i) holds. 
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We have a subobject Mon of the exponential f2 , consisting of the monotone 
maps, and a subobject Loc of Mon, consisting of the local operators. 

We note that Mon is the free suplattice (for suplattices and locales, see [5]) on 
a poset: the object ilP represents both the endomaps on Q and the subobjects 
of under this correspondence the monotone functions are the upwards closed 
subobjects of fi. It follows that Mon is the free suplattice on f2°P (recall that 
the free suplattice on a poset P is the set of downwards closed subsets of P). 
In particular, Mon is an internal locale. 

We also observe that since f2 is (internally) complete, Mon is a retract of 
fi^: the retraction sends g G il^ to the map p H> 3q.{g{q) A {q < p)). 

Also Loc is an internal locale, as we conclude from the following folklore 
result in Topos Theory: 

Proposition 1.2 The inclusion Loc Mon has a left adjoint L which pre- 
serves finite meets. 

Proof. Define L{f) by the second-order propositional expression: 

L{f ){p) = Vg.[((p ^ g) A (/(q) ^ q)) ^ q] 

It is easy to deduce that p ^ r implies L{f){p) — > L[f)[r), so i) of definition ll.il 
is satisfied; also ii) holds since L(/)(T) is valid. 
For iii), we first prove the implication 

f{L{f){p))^L{f){p) 

as follows: assume f{L{f){p)), f{r) r, p ^ r. Since L{f){p) implies [{{p — 
r) A {f{r) — > r)) — > r] and / is assumed to be in Mon, we have /(r), and hence 
r by assumption. We conclude that f(L{f){p)) implies 

Vr.[((p r) A (f{r) r)) r] 

which is L{f){p), as desired. Since we know f{L[f){p)) — > L[f){p) we can 
instantiate L{f){p) for q in 

\^q.[{{L{f){p)^q)A{f{q)^q))^q] 

which is the formula for L(/)(L(/)(p)), and get L{f){L{f){p)) -> L{f){p), as 
desired. We conclude that L{f) G Loc. 

For j G Loc and / G Mon, the equivalence 

/ < J ^ Lif) < j 

is easy, which establishes the adjunction. 

It remains to be seen that L preserves finite meets. It is straightforward that 
L preserves the top element. For binary meets, consider that these are given 
pointwise in Mon. So assume L{f){p) A L(g){p); we must prove 

ys.[{{fis)Ag{s)^s)A{p^s))^s] 

Assuming f{s) Ag{s) s, or equivalently /(s) (g(s) s), as well as p ^ 
L{g){p) gives f{s) s. Again using p ^ s and L{f) we get s, as desired. I 
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2 Monotone maps, local operators and basic lo- 
cal operators in Sff 

In £ff, the object Mon of monotone maps 51 — > is covered by the assembly 
M = (M, E) where 

M = {/ : V{N) ^ V{N) I fl (p^q)^ Uiv) ^ f{q)) + 0} 

and 

Men is endowed with a preorder structure: we put 
[/<.9] = i?(/)Aii;(g)A fl 

pCN 

The actual object Mon of monotone maps is a quotient of M by the equivalence 
relation = induced by this preorder. However, we shall find it more convenient 
to work with the preorder M than with its quotient. 

Actually, since Mon is a retract of fi^ which is a uniform object (all power 
objects in £// are, see [l^, 3.2.6), instead of M we could have taken a sheaf. In 
fact, for / £ A/, a e £'(/) and 

|J((g^p)A/(g)) 

(jCN 

we have: if /3 is such that f}z{x,y)w ~ {z{xw),y) then /3 G E{F{f)), and from 
a we easily find an element of [/ = F{f)]. 

Similarly, we have an internal preorder Lo, a sub-assembly of M which covers 
the object Loc of local operators: 

Lo = {{f ■.V{N)^r{N\E,{f)AE2{f)AE3{f)^(ll},E) 

where 

Eiif) = a.^cNKp ^ 9) ^(/b)^ /(?))] 

Mf) = /(N) 

Mf) = npCNl/C/W) ^ /b)] 

= E,if)AE2if)AE3{f) 

and Lo inherits the preorder from M. 

The reflection map i : Mon — s> Loc lifts to a map L : M ^ Lo, given by 

= n ((^^ ^ 9) A (/(q) ^ <z)) ^ g 

qCN 

Then Lo as internal preorder is equivalent to the preorder (M, </,) where / <l g 
iff / < L{g). 

The following form of the map L is essentially due to A. Pitts ([H], 5.6): 
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Proposition 2.1 The map L : M — > Lo is isomorphic (as maps of preorders) 
to the map 

L'Um = {~\{qQn\{Q}hpQq and{l}Af{q)'Zq} 

Proof. Given f & M and d 6 E{f), we shall produce, recursively in d, elements 
of [L(/) < and [L'(/) < L(/)]. 

First, for e G L(f){p) and indices a and (3 such that ax ~ (0, a;) and jix = 
(1, x), we have: if {0} /\p C q and {1} A/((7) C g then a : p q and (3 : f{q) ^ q 
hence e{a,l3) G g. We conclude that Ae.e(a, /3) e < L'{f)]. 

Conversely, from the interpretation in £ff of the true propositional formulas 
Wp.p L{f){p) and yp.f{L{f){p) L{f){p) (as we saw in the proof of ll.2[) we 
find elements 

a e HpcnIp ^ L{f){p)] 

Let d £ E{f). By the recursion theorem, choose an index c such that for all 
x,y: 

c{0,x) ~ ax 
c{l,y) ~ b{dcy) 

Let 5* = {z\cz e L{f){p)}. Then clearly {0} A p C S". Moreover we have 
c:S^ L{f){p) hence Ay.dcy : f{S) ^ f{L{f){p)). So if (1,2/) G {1} A /(5) 
then c(l, y) G L{f){p). We see therefore, that also {1} A/(5) C S. By definition 
of L'{f){p) we have L'(/)(p) C S and thus c : L'{f){p) L{f){p) for all p, 
whence c G [L'{f) < L{f)], as desired. I 

Let us examine some structure of the preorder M . (M, <) is an internal Heyting 
prealgebra (a cartesian closed preorder with finite joins): finite joins and meets 
are given pointwise (and the constant maps to and N are the bottom and top 
elements, respectively), and Heyting implication is given by the formula 

(/ g){p) — {(a, b, c) I there is an /i G M such that a G E{h), 
be [(hAf) <g] andcG h{p)} 

as is easy to verify. 

Next, we discuss internal joins. The preorder (M, <) is internally cocom- 
plete. Since any object of £ff is covered by a partitioned assembly, it suffices 
to consider maps into M from partitioned assemblies. So, let {X, n) and {Y, p) 
be partitioned assemblies (with tt : X — >• N, p : F N); let A be a subobject of 
(X, tt) X (y, p) and q : A ^ M a. map. The internal join along i.e. the map 
{X, tt) — > M defined internally by 

V i^^^y) 

is represented by the function 

Ha{x) = [j{{n,e)\ne [A{x,y)\,e G q{x,y)} 



6 



Wc now wish to establish a connection between M and a preordcr structure 
on the sheaf V(7'7-'(N)), but actuahy the theorem we have in mind works only 
if we restrict to the subassembly M* of M on those functions / which satisfy 
UpCN fiP) ^ 0' and V(P*P(N)) (writing V*{X) for the set of nonempty subsets 
oi X). Note that the condition defining elements of M* is always satisfied by 
L(/), so we still have that Lo is equivalent to (M*, <l). 

The reader should note that in £ff, V(P(N)) is the object V^^{N) of 
closed subobjects of N, and V{V*V{H)) is the object of -i-i-inhabited, -i-i-closed 
subobjects of V^^{N). Also, the image of M* under the projection M — >■ Mon 
is {/ : Monh^3p./(p)}. 

For A, Be P*r{N) let 

[A<B] = {k\\/A€A3BeB{k:B^A)} 
The proof of the following proposition is left to the reader. 
Proposition 2.2 Define a function : P*P(N) P(N)^('*') by 

AeA 

a) G(_) is a well-defined map: V('P*'P(N)) — >■ M* and an embedding of 
preorders (it preserves and reflects the order). 

b) is the least f € M* such that PlAeyl /(^) ^'^ inhabited. That is: there 
are indices b and c such that for each A € P*'P{N), f € M* and a G E{f) 
the following hold: 

i) ifx€ n^ex fiA) then b{a, x) € [Ga < f] 
a) ify€ [Ga < f] then c{a, y) G (^AeA /(^) 

In other words, if it : V('P(N)) — > zs the standard surjection, then the 
following is internally true in £ff: 

yA : V(P*7'(N))V/ : M*[Ga <f^^AG A.7r{f{A))] 

Theorem 2.3 The preorder {M* , <) is (internally in £ff ) the free completion 
of iy{'P*'P(^)),^) under joins indexed by nonempty subsets of N (where, in- 
ternally, A C N is 'nonempty' iff^^3n{n £ A)). 

Proof. Recall that in £ff, the object of nonempty subobjects of N is V(7^*(A^)), 
with element relation [n £ A] = {n\n G A}. 

For f eM*, define A e V(P(N)) and 6* : A V(P*P(N)) by 

A = UpCN.f(p) 
e{n) = {gCN|ne/(g)} 
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The reader can verify that A and 9 are weh-defined. Now recall from the remark 
we made at the beginning of this section that / is isomorphic (in the preorder 
(M*,<)) to F{f) where 

F{f){p) = \J{fiq)A{q^p)) 

qCN 

From which we derive 

Fif){p) - {{n,e)\neA,ee \J {q ^ p)} = ( V Ge(„))(p) 

qee{n) neA 

So we see that / is a join of a family of elements of V{V*V{N)), indexed by a 
nonempty subset of N. 

Next, we see that elements of the form Gj,, A G 7^*7^(1^) are inaccessible 
for joins indexed by nonempty subsets of N . That is, let A C nonempty, 
h : A ^ M* a map. Then < VneA implies EIn G A.Ga < hn, internally 
in £ff. This is seen as follows: 

Suppose e G [Ga < MneA^^]^ 

e G f][[J {B ^ p) ^ {{n,u) |n G G K{p)}] 

pCN BeA 

Since A 9, there is some B <E A. Let i be an index for the identity function, 
then instantiating this B for p we get 

ei G {(n, m) I n G A, M G hn{B)} 

This holds for all B E A. So we have found an n = (ei)o, satisfying {ei)i G hn{B) 
for all BeA. 

Since h : A ^ M* is a map, from n we find some element a„ G E(hn). 
Now if d : i? — i> p is arbitrary, i? G -4, p C N, then a„(i : hn{B) hn{p), 
hence (a„(i)(ei)i G hn{p). We see that for all p, 

Xd.{and){ei)i : ( y (S ^p)) ^ /i„(p) 
BeA 

which means Ga < /i„, as desired. 

The two properties together imply, constructively, that M* is the stated free 
completion. 

Indeed, suppose (P, <) is an internal preorder in Sff which has joins indexed 
by nonempty subsets of N, and w : (V('P*'P(N)), <) — > P is order-preserving. 
Then we extend w uniquely to a map W : M* — > P which preserves joins 
indexed by nonempty subsets of N: for / G M* , express / as VneA^('^)- 
Define W{f) = V„gA w{6{n)). Use the inaccessibility property to show that W 
is well-defined. I 

In view of Theorem 12. 3l we shall call elements of M* of the form Ga basic] and 
we shall call local operators of the form L{Ga) also basic. 
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3 Known results about local operators in Sff 



In this section we collect some results which have appeared in the literature, as 
far as relevant for this paper. 

The top element of Loc, the function constant T, is the local operator whose 
category of sheaves is the trivial topos; hence this local operator will also be 
called trivial. The least element of Loc, the identity map on i7, will be denoted 
id. 

As is well-known from [2], there is a largest nontrivial local operator. This 
is the double negation operator -i-i: the function sending to and everything 
else to N. 

Proposition 3.1 (Hyland-Pitts) 

i) Let j G A/. Then L{j) represents the trivial local operator if and only if 

ii) Let j £ M . Then L{j) represents the -i^-operator if and only if either of 
the following equivalent conditions holds: 

a) and^^^^L{]){p)^% 

c) j-(0) = «"di(j)({O})nL(j)({l})^0 

Hi ) LetAe r*'P{N). Then id < L{Ga) if and only f] ^ = 

We conclude that the identity, the trivial local operator and the -i-i-operator 
are basic: the identity is i(G'{{o}})j the trivial one is L(G{0j) and is 

-^(^{{0},{l}}) = i(G'{pCN|p#0})- 

The following corollary is easy. 

Corollary 3.2 Suppose A G V*'P{N) contains two r.e. separable sets, that is: 
sets Ai and A2 such that for two disjoint recursively enumerable sets C, D we 
have Ai CC, A2C D. Then < L{Ga)- 

A different basic local operator was identified by Pitts in [Tl], 5.8: 

Proposition 3.3 (Pitts) Let A = {{m | m > n}\n G N}. Then L{Ga) is 
strictly between id and 

Examples of non-basic local operators are those which force a partial function 
to be total. Suppose / : N — > N is a function. The -1-1-closed subobject of 
X iV in £ff given by {{n, f{n))\n G N} is a single- valued relation whose 
domain I?/ is a -1-1-dense subobject of N. The least local operator which forces 
Df to be the whole of N is Li\J ^Gp(^n)) where p{n) — {{f{n)}}. Recall that 
V„Gp(„)(p) = {(n,e)|e/(n)Gp} 

Theorem 3.4 (Hyland) Denoting this least local operator by jf, we have jf < 
jg if and only if f is Turing reducible to g. 



9 



The following proposition is due to Phoa (|13|): 

Proposition 3.5 (Phoa) // j is a local operator such that jf < j for each 
/ : N ^ N, then < j. 

In general, if X ^ y is a monomorphism in £ff there is (by standard topos 
theory) a least local operator j for which m is dense. Let us write this out 
explicitly for the case that Y is an assembly (since every object of £ff is covered 
by an assembly, this covers the general case): let Y = (Y, E) and i? : F — > V{N) 
be such that Cly^yi^iv) ~^ ^iv)) nonempty, representing the subobject 
m. Then the least local operator for which m is dense is L{\/ ^Gg(n)) where 
0in) = {R{y)\neE{y)}. 

Another non-basic local operator in £ff is described in [20l [21] . Let Tot be 
the set of indices of total recursive functions. Consider the assembly A = {A, E) 
where 

A ^ {(e, /) I e,/ e Tot and Vnm(en = V /m = 0)} 
E{{eJ)) = {(e,/)} 

Let i? : A ^ V{fi) send (e, /) to the set 

{(e, /, 0) I Vn(en = 0)} U {(e, /, 1) | Vm(/m = 0} 

Then R determines a subobject [i?] of A and let jl be the least local operator 
for which this inclusion is dense. 

The local operator corresponds to the Lifschitz subtopos of £ff . In [5T] it 
is proved that jl is the least local operator for which the following principle of 
first-order arithmetic, there called BYi\—MP is true in the corresponding sheaf 
subtopos: 

Ve(-i-iEln(n £ [e]) -> 3n(n e [e])) 

where [e] denotes {n < (e)i | (e)o". t}- It can be shown that BE^— MP is 
equivalent to the "Lesser Limited Principle of Omniscience", which has some 
standing in generalized computability and constructive analysis (see e.g. [ll[3]). 
Since decidability of the Halting Problem implies this principle, we conclude 
that Jl < jh, if ft. is a decision function for the Halting Problem. In fact we 
have < jh, since the Halting Problem is not decidable in the Lifschitz topos. 

4 Sights 

In this section we develop some theory of a certain type of well-founded trees, 
which we call sights^ which will enable us to derive inequalities and non-inequalities 
between a number of new local operators in £ff. The basic insight is that ele- 
ments of L{f){p) are functions defined by recursion over a well-founded tree (see 
in particular definition 14.81 and the discussion preceding it, and proposition 23]). 
Let us look again at the operator L' from Proposition [2Tj 

L'{f)ip) = f]{q CN\{0} Ap C q and {1} A fiq) C q} 
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for / G M. 

We can present L' also in the following way: 
Proposition 4.1 For ordinals a < uji, define L{f){p)a as follows: 

L{f){p)o = {0}Ap 
L{f)ip)o.+i = U ({l}A/(i(/)(p)„)) 

L{f){p)\ = V}i}<xL{I){p)p for limit \ 

Then L'{f){p) = L{f){p)i^-^. Of course, since L'{f){p) is a countable set, there 
is a countable ordinal a such that L'{f){p) ~ L{f){p)a. 

Proposition 14. II leads us to the following definition. 

Definition 4.2 A sight is, inductively, 

either a thing called NIL, 

or a pair {A, a) where A C N and a a function on A such that a{a) is a 
sight for each a ^ A. 

Let 6' be a function B — s> 7^*7^(1^) for _B C N nonempty. With 9 we associate 
(as in l2.3p the element Gg of M* given by 

Gg{p) = {{n,e)\neB,3Aee{n){e:A-^p)} 

So, Go = \l neB^S{n)- 

Definition 4.3 For 6 as above, p C N and z G N we say that a sight S is 
{z , 9 , p)- dedicated if 

either S = NIL and z G {0} Ap, 

or 5 = (A,cr), z = (1, (n, e)), A G 0{n), and for all a G A, ea is defined 
and (T(a) is (ea, 0,p)-dedicated. 

Proposition 4.4 For 6, z, p as before, we have: 

z G L'{Gg){p) if and only if there is a (z, 9, p)- dedicated sight. 

Proof. We use 14.11 First we prove that for each a < uji, if z G L{Ge){p)a then 
there is a (z, 6',p)-dedicated sight. 

For a = 0: if z G L{Gg){p)o = {0} Ap, then NIL is (z, 6',p)-dedicated. 

For a + 1: suppose z G L{G0){p)a+i- By induction hypothesis we may 
assume z G {1} A Ge{L{G0){p)a)- Then z = (1, (n, e}) and for some A G 9{n) 
we have e : A ^ L{Gg){p)a- By induction hypothesis, for each a ^ A there is 
an (ea, 6',p)-dedicated sight a{a). Then {A, a) is (z, 0,p)-dedicated. 

The case of limit ordinals is obvious. 

Conversely, suppose that S" is a (z, 6',p)-dedicated sight. If 5 = NIL, then 
z G {0} Ap so z G L(Ge)(p)o- If = {A, a) then z = (1, {n,e)) and for some 
A G 9{n), a{a) is (ea, 0,p)-dedicated for each a G A. By induction hypothesis, 
for each a ^ A there is some ckq < wi such that ea G L{Gg)(j))a^. Then 
z G L{Gg){p)i3 where /3 — (IJ^g^ eta ) + 1, as is easy to see. I 
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Corollary 4.5 For A G 'P*P(N), B C N nonempty and 9 : B P*P(N) we 
have: G_a Gd o,nd only if there exists a number z such that for every 
A € A there exists a (z, 9, A)-dedicated sight. 

Proof. By[121 Gj, < L'{Ge) if and only if PIag^ L'{G0){A) is nonempty which, 
by 14.41 is equivalent to the given statement. I 

Corollary 4.6 For B,B' C N nonempty, 9 : B ^ 'P*P(N) and ( : B' ^ 
'P*V{N) we have: Gt^ <l Ge if and only if there is a partial recursive function 
f defined on B' , and for every n € B' an {f{n), 9, ({n))- dedicated sight. 



To any sight S we associate a well-founded tree Tr(S') of coded sequences of 
natural numbers together with a specified subset of its set of leaves (which we 
will call good leaves) as follows: 

If S' = NIL then Tr(S') = {()} and () is a good leaf of S. 

US ^ (0, 0) then Tr(S') = {()} and Tr(S') has no good leaf. 

If = {A, a) with A ^ 9 then Tr(5) = {{a)*t\a e A,t e Tr(cr(a))} and 
{a)*t is a good leaf of Tr(iS') if and only if < is a good leaf of Tr((T(a)). 

We shall often abuse language and talk about the "(good) leaves of a sight 
S" instead of Tr(S'). 

We call a sight degenerate if not all its leaves are good. 

Given a sight S and s G Tr(S'), we write Out(s) (or 0ut5(s) if we wish to 
emphasize the sight s lives in) for the set {a G N | s*{a) G Tr(5)}. 

The following proposition follows by an easy induction on sights. 
Proposition 4.7 // a degenerate sight is (z, 9, p)- dedicated then G 1J„ 9{n). 

Definition 4.8 Let S C N nonempty 9 : B ^ P*P(N), p C N. For a number 
w, we call a sight S {w, 9, p)- supporting if 

whenever s is a good leaf of S, ws G {0} A p 

whenever s is not a good leaf of S, ws — (1, n) with n ^ B and Outs(s) G 
9{n) 

Proposition 4.9 There are partial recursive functions F and G such that for 
each B C N nonempty, 9 : B ^ V*P{N), p CN, sight S and z eN: 

i) If S is (z, 9, p)- dedicated then F{z) is defined and S is {F{z), 9, p)- supporting. 

a) If S is (w, 9, p)- supporting then G{w) is defined and S is {G{w),9,p)- 
dedicated. 

Proof, i) Note that from the definition of "S* is (w, 0,p)-supporting" it follows 
that if is a partial recursive function such that for each a G A, H{a) is defined 
and the sight a{a) is (i?(a), 0,p)-supporting, and 

w = Xs( ^^'"^ '^'=^^ 

I -ff((s)o)((s)i,---,(s)ih(s)-i) otherwise 
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then the sight {A, a) is (w, 0,p)-supporting: s is a good leaf of {A, a) if and only 
if ((s)i,. . . , (s)ih(s)-i) is a good leaf of cr((s)o). 

Therefore, using the recursion theorem let F be partial recursive such that 



z if z = (0, y) 

Fiz)s ^ <; / if,s=(; 

■F'(e(s)o)((s)i, • • ■ , (s)ih(s)-i) else 



if z = (1, (n,e)) 



The proof is now by induction on S: if S* = NIL and S is (z, 6',p)-dedicated then 
z = {0,y), y G p, F{z){) = z and S is (i^(2), 0,p)-supporting. If 5 = {A, a) 
is (z, 0,p)-dedicated then z = (1, (n, e)) etc., and for each a g ^ by induction 
hypothesis F(e(s)o) is defined and a{a) is (F(e(s)o), ^,p)-supporting. By our 
first remark it now follows that S — {A, a) is (i^(z), 0,p)-supporting. 

ii) Here we remark that if ^ G 0(n) and for each a € A, ea is defined and cr(a) 
is (ea, 0,p)-dedicated, then {A, a) is ((1, (rt, e)), 6',p)-dedicated. 

Also, note that if {A, a) is (w, 6',p)-supporting then for each a G A, a{a) is 
{Xs.w{{a)*s), 6',p)-supporting. 

Define G, using the recursion theorem, by 



Giw) 



(0,2/) iiw{) = {Q,y) 

(1, (n, Xa.G{Xs.w{{a)*s)))) if w{) = (1, n) 



Proof, again by induction on S: suppose S is (w, 0,p)-supporting. If = NIL 
then w{) = {0,y), y G p and G{w) — {0,y), so S is (G(w), f?,p)-dedicated. 

If 5 = {A, a) then w{) = {l,n) for an n such that A £ 9{n). By our 
remark, for each a & A the sight a{a) is (As.w((a)*s), 6',p)-supporting hence 
by induction hypothesis, cr(a) is (G(As.w((a)*s)), 0,p)-dedicated. Then if e = 
Xa.G{Xs.w{{a)*s)), {A, a) is ((1, (n, e)), 6',p)-dedicated; i.e., [A, a) is {G{w),9,p)- 
dedicated, as desired. I 



Corollary 4.10 For 9 : B V*V{n), the element L'{Ge) of M* is, in M* , 

isomorphic to the function which sends p QN to 

{z £ N \ there is a (z, 9 , p) -supporting sight} 

The following corollary shows that the local operators jf from l3.4l are not basic, 
in fact are not majorizing any nontrivial basic local operator. 

Corollary 4.11 Suppose A £ V*V{N) and / : N -> N a function. Let jj be 
the least local operator which forces f to be total, as in \3.4\ Then if G^ <l jf, 
L{GjC) is the identity local operator. 

Proof. Let pf : n ^ {{/("-)}} be as just above so G^ < j/ if and only if 
Ga I^l Pf- First, we prove the following 

Claim: given z G N and sights S and T such that both S and T are 
{z , p f ,N)-dedicated, then S = T. 
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We prove the Claim by induction on S. If = NIL then z = (0,y) for some y. 
It follows that also T = NIL. If 5' = {A, a) then z = (1, {n, e)), A = {fin)} and 
a(f{n)) is (e/(n), p/, N)-dedicated. Similarly, T = ({/(n)},T) and T{f{n)) is 
(e/(n), p/, N)-dedicated. By induction hypothesis, a{f{n)) = T{f{n)) whence 
S* = r, as desired. This proves the Claim. 

Now suppose <l Pf- By 14.51 there is a number z and, for each A & A, a 
{z,pf, A)-dedicated sight Sa- By the Claim, all Sa are equal, say S. Since Pf{n) 
never contains the empty set, S is nondegenerate and bv 14.91 it is {F{z), pf, A)- 
supporting for each A £ A. Take any good leaf d of S. Then F{z)d — (0, y) 
with d Gf]A. Bv I3.1l iii). L{Ga) is the identity local operator, as claimed. I 

Definition 4.12 Suppose Ai, . . . , Ai e P*V{N). We say that the Ai have the 
joint intersection property if for all Ai G Ai, . . . , A„ G A, Ai n ■ • • n An ^ 0. 
Similarly, we say that A G V*T'{N has the n-intersection property if for all 

Ai,...,A„ G A Ain---nA„=^0. 

We say that a sight S* is on A if, inductively, S' = NIL or S" = {A, a), A G A 
and for all a G A the sight a{a) is on A. This means that for every d G Tr(S') 
which is not a good leaf, Outs(d) G A. We say that S is on 9 : B ^ V*'P(N) if 
S is on U„es^'(")- 

Proposition 4.13 Suppose Ai,...,An have the joint intersection property. 
Then if Si is a sight on Ai for each i, there is a coded sequence d such that 

d G Tr(S'i) for each i, and 

d is a good leaf of some Si. 

Proof. Induction on 5i. If S*! = NIL then we can take () for d. Similarly, if 
Si = NIL for some i > 2 we can take () for d. So assume each Si is (A, ai). By 
the joint intersection property, take a G Hi^*- induction hypothesis, 

there is a d' such that d' G Tr((Ti(a)) for each i, and d' is a good leaf of some 
(7i(a). Then (a) * d' satisfies the proposition. I 

Corollary 4.14 Suppose A has the n-intersection property. Then for every n- 
tuple of sights Si, . . . , Sn on A there is a sequence d G Hi Tr(S'i) such that d is 
a good leaf of at least one Si . 

Definition 4.15 For a sight S and a number z, we say that z is r-defined on 
S if for some 9, S is (z, 6*, N)-dedicated. 

Proposition 4.16 Suppose S and T are sights and d — (di, . . . ,(i„) is an ele- 
ment ofTr{S) n Tr(r). // some z is r-defined on both S and T and d is a good 
leaf of S, then d is also a good leaf ofT. 

Proof. Induction on n. If n = then d = (), so if d is a good leaf of 5, S — NIL. 
Then z, being r-defined on S, must be (0,t/); hence, since z is r-defined on T, 
T = NIL and d is a good leaf of T. 

If n > then S = (A, ct), T = [B, r). Then (^2, • • • , dn) (which is () if n = 1) 
is a good leaf of a{di) and an element of Tr(r((ii)); by induction hypothesis 
{d2, ■ . ■ , dn) is a good leaf of r(di) hence d is a good leaf of T. I 



14 



Proposition 4.17 Let A,Be V*V{'N) and n > 1 be such that B has the n- 
intersection property whereas A contains sets Ai, . . . , An satisfying Cl^Ai — 0. 
Then Ga^lGb- 

Proof. Suppose Ga <l Gb and let Ai, . . . , An £ A. By 14.51 there is a number 
z and for each i a (z, i3, Ai)-dedicated sight Si. Since B has the n-intersection 
property, by 14.141 there is a coded sequence d G Hi Tr(5'i) which is a good leaf 
of at least one Si. Since z is r-defined on each St, 14.161 giyes that d is a good 
leaf of each Si. By 14.91 eyery Si is (F(2;), S, Ai)-supporting, yifhich means that 
F{z)d = (0, y) with y G Hi ^i- This holds for any n-tuple Ai, . . . , A„ e A, so 
we see that A has the n-intersection property. I 



5 Calculations 

We are now ready to inyestigate some basic local operators. 

Let a be a natural number > 1, or With a we associate the set {1, . . . , a} 
if a is a natural number, or N if a = a;. For to < a < a; let 

= {X (Za\\oi- X\^m} 

the set of 'co-TO-tons' in a. Via the map G(_) of 12.21 we regard the Ofn as 
elements of M* (and we write 0"j instead of Gq^)- Of course, we are really 
interested in the local operators generated by the O^, and therefore we first get 
some triyial cases out of the way: if a = m so O,^ — {0}, then L{OnJ is the 
triyial local operator, and if to < a < 2m then O"^ contains two disjoint finite 
sets whence <l by 13.21 

Henceforth we concentrate on the case 1 < 2to < a < lu. 

Proposition 5.1 Let 1 < 2m < a < lo. Then < O^+i in M* . 

Proof. For < we need a k such that for each A £ 0"j there is i? G Oni+i with 
k G B ^ A; but we can take Xx.x for k. 

For 0"j+i^O^, suppose k is such that for each A e O^+i there is B G 
with k B A. Let 7 be the restriction of the partial function ip^ to a 
and let C = ^[a] n a. If |C| < to then since 2to + 1 < a we can find an 
A e Om+i such that C n A = 0, but then clearly there is no B G with 
k B A. So pick m + 1 distinct elements . . . , Vm+i G C. By choice of k 
there is i? G O'^ such that k : B ^ {a — {vi, . . . , Vm+i})- Then we must haye 
^[a — B] = {wi, . . . but this is impossible, since |7[a — B]| < \a — B\ = m. 

I 

Proposition 5.2 Letl<ra<Lo. Then G^ O';^. 

Proof. We haye < 0^;'^ in M* hence G^ <l OJ^; this is left to the reader. 

For the conyerse inequality O'^ <l we have to find (by 14.51 and 14. 9p a 
number z and, for each A G O'^, a (z, O", yl)-supporting sight. In order to 
conform to definition 14.81 we regard as function {0} — !■ 'P*P{N) with yalue 
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Given distinct ai, . . . , a,„ G N define 

Tai,...,a^ = {(ci, ■.■,Cp)\p<m and for all i < p, ^ (aj)J 

and let S'ai,...,a,„ be the unique non-degenerate sight with Tr(S'aj ...^a^) — Ta^^,,,^a^ 
Let z be such that for each coded sequence (ci, . . . , Cp), 



z(ci,...,Cp) = 



(1,0) ifp<TO 
(0, (ci,...,c„)) ifp>m 



We claim that 6*01,. ..,a„, is (z, O^, N — {oi, . . . , a,„})-supporting. 

Note that for each (ci, . . . ,Cp) e Tr(Taj_...^a„) which is not a leaf, we have 

Out((ci, . . . ,Cp)) = {cp+i I Cp+i ^ (ap+i)p+i} 

and this is an element of O". In this case, z[c\^ . . . ,Cp) = (1,0) as required. If 
(ci, . . . , Cp) S Tr(raj^....(i„) is a leaf, then p = m, so 

z(ci,...,Cp) = (0, (ci,...,c™)) 

We need to see that (ci,...,Cp) is not an element of {ai,...,am}; but this 
follows readily from the definition of TQj^...^a„- B 

Proposition 5.3 Let \ < m < a < uj. Then the least integer > 

is the least number d for which there are d elements Ai , . . . , Ad of with 

Proof. For any d > 1 we have: VAi, ...,Ad& ©^(flf^i A, ^ 0) if and only if 
VAi, . . . , Ad G 0"_„i(U^=i A^ ^ a) if and only if dm< a. I 

Proposition 5.4 Lei 1 < 2m < a < w. Suppose < T/ien 

0^_,_i^iO"j, so <L O^^^. 

Proof. Let d = Then 0"j_|_i contains d sets with empty intersection, 

whereas has the rf-intersection property. The result follows from proposi- 
tionlHTl I 



Open Problem. We have not been able to determine whether it can happen 
that OZ+i <L in the case that = 

The following proposition shows that, in the prcordcr of basic local operators 
(i.e., the preorder {'P*V{N), <l)), Of is an atom and -1-1 is a co-atom: 

Proposition 5.5 

a) For every A G V*T'{N), either A =l id, or A =l T (the trivial local 
operator), or <l A <l 
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Proof. Part i) follows directly from l3.1i ii). 

For ii): again using [SHii). A id if and only iif]A^9. If f] -4 = then 
for each n G N there is an ^ e with n^A, hence Xx.x G [O" < A]. 

From the same proposition, part i), it follows that A =l T if and only if 
e A If 0^^ then A<{pCN\p^lJ)},so A <l ■ 

Remark. Note that we do not have in M* that if id < / then < /, as 14. Ill 
showed. 

Proposition 5.6 Let I < 2m < f3 < a < uj. Then < in M* . 
Proof. Realized by Xx.x. I 
Proposition 5.7 Let \ <2m < a < uj. Then O^^^O", hence Of <l O^. 
Proof. Immediate from 14. l71 and [5751 I 
Proposition 5.8 Let 1 < 2m,a < uj. Then 0™^lO^+'"; hence 0°+" <l 

Qa 

Proof. Let d = ^ — Then contains d sets with empty intersection whereas 
0^+™ has the d-intersection property C" "!^"' ^ = + 1)7 so the first statement 
follows from 14.171 The second statement follows from 15.61 I 

Open Problems 1. We do not know whether O'^^ <l O"^. 
2. How do, e.g., 0^"+i and 02"+i compare? 

The following theorem shows that the local operators 0"^ do not create any new 
functions N ^ N. Equivalently, they do not force any subobjects of N to be 
decidable. 

Theorem 5.9 Let D C N and 1 < 2m < a < uj. Let xd be the characteristic 
function of D and let pnin) = {{XD{n)}} (so L{pd) is the least local operator 
forcing D to be decidable). We have: if PD <L then D is recursive. 

Proof. Note that po <l if and only if there is a total recursive function C 
such that for all n there is a O^, {xD(")})-dedicated sight. 

So let C be such a function. By the definition of 'dedicated' it follows that 
for all n, ({n) is of the form (i, a;) with i G {0, 1}; and if i = 1, then x = {n, e). 

By the recursion theorem, let / be an index such that; 

i) f{0,x)=x 

ii) for /(I, (n, e)), search for the least computation witnessing that there are 
m + 1 distinct elements ai, . . . , Om+i G a such that eai, . . . , ea„i+i are all 
defined and moreover, 

/(eai) = • ■ • = f{eam+i) 
If this is found, put /(I, (n, e)) — /(eai); if not, /(I, {n,e)) is undefined. 
We claim that the index / has the following property: 
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{S) For every {i,x) £ N and every ((i, x), O^, {xD('T^)})-dedicated sight S, 
f{-i,x) = XD{n) 

Note that this imphes the statement in the theorem: for ah n we have f{C{n)) = 
Xoin), which means that D is recursive. 

So it suffices to prove the claim (S), which we do by induction on the sight S. 
If 5" = NIL and S is {{i,x),0'j^, {xD(«)})-dedicated, then i = and x = xoin); 
and f{i,x) = x xoin). 

Suppose S — {A, a) with A e OJ^. Then {i,x) = (1, (n, e)), ea is defined for 
all a & A, and a{a) is (ea, O^, {xD(fi)})-dedicated. By induction hypothesis, 
for each a G A we have /(ea) = xoin). There are at least m + 1 elements in A 
since 2m < a. So the search in part ii) of the definition of the index / succeeds. 
And because every subset of a of cardinality m + 1 intersects A {A G O'^), we 
have f{i,x) = Xoin). 

This proves the claim and finishes the proof of the theorem. I 

For our next array of results, we need some more definitions about sights. 
Definition 5.10 

i) Given a sight S, a sector of S* is a sight T such that: 

a) for some subset A of the set of leaves of Tr(S'), 

Tr(r) = {s G Tr(5) | s is an initial segment of some t G A} 

b) s is a good leaf of T if and only if s is a good leaf of S. 

ii) We call a sight S finitary {n-ary, respectively) if Tr(S') is a finitely branch- 
ing (n-ary branching) tree. 

iii) If z is r-defincd on a sight S fsee I4.15|) . we write z[S] for the set 

{ylfor some s G Tr(S'), F{z)s = (O,?/)} 

where F is the function from 14.91 So if S is (z, 6',p)-dedicated, we have 
z[S] C p. 

We are now going to have a closer look at Pitts' local operator: the operator 
induced by {{m | m > n} | n G N} given in 13.31 It is easy to see that this family 
of subsets of N is, in {V*V{H), <), isomorphic to the family F of cofinite subsets 
of N. 

Proposition 5.11 Let 1 < 2m < a < uj. Then J- and 0"^ are incomparable 
w.r.t. the order <l. Moreover, T'^iP^. 

Recall that for a = w we have O;^ O'^ <l T bvlOlandl^ 
Proof. Suppose J- <l for 1 < 2m < a < to. Choose z such that for 
every cofinite X there is a (z, 0"^, X)-dedicated sight. Pick such a sight for 
X = N, say S. Since every element of has at least m + 1 elements, S has an 
(m + l)-ary sector S' . Then S" is (z, {the m + 1-tons C a}, N)-dedicated, and 
5" is finite by Konig's Lemma, so z[S'] is finite. 

Now choose a (z, 0"j, N — z[S"])-dedicated sight T. Since: 
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the sight S' is on {the m + 1-tons C a} 
the sight T is on 

{the m + 1-tons C a} and have the joint intersection property 

by 14.131 there is a coded sequence d which is an element of Tr(S") n Tr(T) 
and a good leaf of one of them; but since z is r-defined on both S' and T, 
by 14.161 c? is a good leaf of both of them. But now we get a contradiction: 
F{z)d e z[S'] nz[T]C z[S'] n (N - z[S']). 

For the converse inequality (in the case a < a; we simply note that p| — 
and that T has the |0^|-intersection property. So O'^^^j^J- by 14.171 I 

We now turn to joins in (M*, <) and (M*, <l). Joins in {M* , <) are easy and 
follow from the discussion after 12. ll and theorem 12.31 given 9X ■ N — > 'PV{N), 
the join 6 V can be given as the map which sends 2n to 9{n) and 2n + 1 to 
C{n). Of course, the map L, being a left adjoint, preserves joins. However, for 
A,B^ 'P*'P* (N) there is a simpler description of their join w.r.t. <l, which also 
makes clear that the join is a basic local operator. 
We shall write Vl for the join w.r.t. <l- Define 

AqB ^ {AAB\AeA,BeB} 



Proposition 5.12 For A,B e V*'P*{N), the join A\IlB is given by AqB. 

Proof. It is easy that A < A Q B hence also <l; and, of course, the same for 
B. If A,B<LfsoA,B< L{f) we have a e f]^^_^ L{f){A), b e ClseB L{f){B) 
which, using that L{f) is a local operator, gives an element of 

fl L{f){AAB) 

which means that AqB < L{f). I 

Proposition 5.13 Suppose Ai,...,Ak £ 'P*V*{'N) such that each Ai has the 
Ui-intersection property. Then • • • Ak has the m-intersection property if 
and only if m < min{ni, . . . , rifc}. 

Proof. In one direction, use induction on k; in the other, observe that if some 
Ai does not have the m-intersection property, then Ai • • • Ak cannot have 
it. I 

Proposition 5.14 Let 1 < 2m < a < oj . Then Vl F <l 

Proof It is left to the reader that O," J" < To prove that -'^^^0,'^ J", 
observe that -i^ = L({{0}, {1}}) and that O^^QJ- has, bv l5.13l the 2-intersection 
property; so 14. 171 can be applied. I 

Proposition 5.15 Letl<ke'N. Then {\/ i<^<k) lO^T^^ <l 
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Proof. By 15.131 Oi<„j<fc O^r"*"^ the 2-intersection property, so again by 
mwe have --^^ Oi<™<fe 0^^+\ I 

Proposition 5.16 Letl<k eN. Then (Vi<™<fe)L^-^- 

Proof. Of does not have the 3-intersection property. Apply 15.131 and 14.171 I 

Open Problem. One might be able to mimic (the proof of) l5.11l to show that 

l<m<k 

We have not been able to carry this out, however. 

We conclude with a theorem saying that Pitts' local operator L{T) forces every 
arithmetically definable set of numbers to be decidable. This implies that the 
subtopos of £ff corresponding to this local operator, although not a Boolean 
topos, nevertheless satisfies true arithmetic, as will be proved in 16.31 First a 
lemma: 

Lemma 5.17 Let j be a local operator. Then for every recursive function F, 
acting on coded sequences, we have a partial recursive function G (obtained 
uniformly in F) such that for each n, each coded sequence a = (ctoi • • ■ , o'n-i) 
and each tuple (ao, . . . ,a„_i) such that Oi S for each i, we have 

G((ao,...,a„-i» G ji{Fia)}) 

Proof. First we define H such that for ao G j({cro}), . . . , a„_i G j{{(^n-i}) 
we have i/((ao, . . . , a„_i)) G j{{cr})- Since F : {a} {F{a)} we have by 
monotony of j an element of Ho- b ({'''}) ~^ Jii^i'^)})] if we compose this 
with H we have our desired function G. 

Since j is a local operator we have elements: 

7 G a.ab(WA{a})->j({'^*(a)})] 
Define G by recursion on n: 

G(()) = c 
G((ao, . . . ,a„)) ^ 7(/3(G((ao,...,a„_i)),a„}) 

The trivial verification is left to the reader. I 

Theorem 5.18 Pitts' local operator, the local operator from forces every 
arithmetical set of natural numbers to be decidable. 

Proof. Let xd denote the characteristic function of a set D; to be specific let 
XD{n) = if n G -D, and 1 otherwise. We write "Xn for {m G N | m > n}. 
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Let g be the function which sends p C N to IJnKt"-) P]i so Pitts' local op- 
erator is L[g). Recall that L{g) forces a set D to be decidable if and only if there 
is a total recursive function which sends each n to an element of L{g){{xD(n)Y) . 
Let A be the class of sets forced by L{g) to be decidable; then A contains the 
recursive sets and is closed under complements, so it suffices to see that A is 
closed under existential quantification: if A € A then also 3A G A^ where 

3A ^ {x \ 3n{{x,n) e A)} 

Let F be the function which sends a sequence a = (cto, . . . , (Jn-i) to if at least 
for one i, ai = 0, and to 1 otherwise. Let G be the partial recursive function 
obtained by Lemma FS-l?! with L{g) for j. 

Assuming A & A\et Fa & flnll"-} ~^ (")})]■ Foi" ^ ^-^d n consider 

the sequence 

{FA{{x,0)),...,FA{{x,n))) 

We have FA{{x,i)) £ L{g){{xA{{x,i))}). By using G we construct a total 
recursive function H such that for all x, n: 

H{x)n G L(g)({0}) if for some m < n, {x, m) G A 
H{x)n E L{g){{l}) otherwise 

We see that if for some n, {x, n) G A, then H{x)k e L{g){{Q}) for all sufficiently 
large fc; if there is no n with (x,n) G A then H{x)k G L{g){{l}) always. We 
conclude that 

H{x) G U[(tm)-^L(g)({x3A(x)})] 

rn 

in other words, H{x) G g{L{g){{xjA{x)})). 

From the proof of 12.11 we know that there is an element 

{^[g{L{g){p)) ^ L[g){p)] 

pCN 

Composing with H{x) we get an element 

Xx.b{H{x)) G {^[{x} ^ L{g){{x^A{x)})] 

X 

which was what we had to find. I 

Open Problem. Are the arithmetical sets all the sets which are forced to be 
decidable by Pitts' local operator? 

6 ^-Realizability 

In this section we give a concrete presentation of a truth definition for first- 
order arithmetic in the subtopos of £ff determined by the local operator L{Gg), 
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where : B V*V{N). For background on the theory of triposes, the reader 
is referred to \22\ . 

In general, if Rx ■ P{X) P{^) is a local operator on a tripos P, the 
subtripos corresponding to R can be presented as follows: the underlying set of 
the fibre over a set X is just P{X), and the order is given by the relation <ji 
where <_r V' if and only ii (p < R{ijj) in the tripos P. Denoting this tripos by 
(P, <r), the inclusion into (P, <) is given by the map R; its left adjoint is the 
identity function. This last map preserves A, V and 3; if we denote implication 
and universal quantification in the subtripos by =>' and V respectively (and 
those in the original tripos by V), the relation is as follows: 

V'x0 = Vxi?(0) 

We can now give the truth definition in the form of a notion of realizability. 

Recall from definition 14.121 the notion 'sight S is on 6*'; from definition 14. 151 
the notion 'r-defined', and from lS.lDl the notation z[S]. 

Definition 6.1 (^^-realizability) Define a relation between numbers and sen- 
tences of arithmetic, pronounced 'n ^-realizes (f>\ as follows, by induction on 
0: 

n ^-realizes t = s if and only if the equation t = s is true; 

n (^-realizes A ■0 if and only if n ~ (a, b) and a ^-realizes cj) and 6 
(^-realizes ip; 

n realizes V V' if and only if either n = (0, to) and m 6*- realizes </), or 
n — (1,to) and to 6'-realizes -p] 

n 0-realizes </> ^ -0 if and only if for every m such that to 6'-realizes 0, 
nm is defined and there is a sight S on such that nm is r-defined on S 
and for every w £ {nni)[S], w (^-realizes 

n 6'-realizes -10 if and only if no number ^-realizes 0; 

n 6'-realizes 3x(t){x) if and only if n = (a, b) and b ^-realizes 0(a); 

n ^-realizes Vx0(x) if and only if for all m, nm is defined and there is a 
sight S on 9 such that nm is r-defined on S and for every w G {nm)[S], 
w 6*- realizes <t){m). 

Proposition 6.2 For 9 as above, a sentence of first- order arithmetic is true in 
the subtopos of £ff determined by the local operator L{Ge), if and only if it has 
a 9-realizer. 

Theorem 6.3 Let j be a local operator in £ff such that j < -i-i and j forces 
every arithmetically definable subset of N to be decidable. Then the subtopos 
£ffj of £ff determined by j satisfies true arithmetic. 
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Proof. Truth of arithmetic in £ffj is given by a realizability as in definition 16. 11 
which we call j-realizability in this proof. We shall not employ sights and 
simplify the clauses for — ^ and V to: 

n j-realizes — > if and only if for every m such that m j-realizes (j), 
nm is defined and nm is an element of the set j{{s \ s j-realizes ip}) 

n j-realizes \fx(j){x) if and only if for all m, nm is defined and is an element 
of the set j{{s \ s j-realizes 0(m)}) 

Since j < ^-i we have j(0) — and therefore n j-realizes -^(j) if and only if 
no number j-realizes 0; and n j-realizes if and only if some number j- 
realizes 0. As a further simplification, we modify the definition so that for a 
string of universal quantifiers we have: n j-realizes Vxi • ■ -Vxn^ if and only if 
for all fci , . . . , fc„ , nki ■ ■ ■ kn (which we shall abbreviate as nk) is defined and an 
element of j({s | s j-realizes 4>{ki, . . . , fc„)}). 

Since j is a local operator we can fix numbers a, (3, 7, 5 such that: 

" e rip.gCNb 1) ^ Up 31) 

7 e ripCN np jp 

^ ^ Clp^qcf^jp^ji^ jip^q) 

We shall now prove by simulaneous induction on the structure of an arith- 
metical formula 4'{xi, . . . , Xn) the following statements: 

i) a) For all fci, . . . , fc„ e N: if there is a j-realizer for (j){ki, . . . , fc„) then 

4>{ki, . . . , kn) is true in the standard model N in Set; 

b) There is a partial recursive function of n arguments, such that 
for all fci, . . . , kn'. if 0(fci, . . . , fc„) is true in N then s^{ki, . . . , fc„) is 
defined and an element of j({s | s j-realizes (j){ki, . . . , fc„)}); 

ii) There is a j-realizer for yx{(f)(x) V -'(j){x)). 

For atomic (j), i)a) holds by definition of j-realizability; for i)b), let be 
Xxi ■ ■ ■Xk-/3{0). The statement is obvious. Statement ii) is clear since in any 
topos, basic equations on the NNO are decidable. 

Induction step i)a) for — >: suppose m j-realizes 4>{k) ip{k) and 4>{k) is true in 

N. By induction hypothesis i)b) for (j>, s^{k) is defined and in j({s | s j-realizes <j>{k)}. 

Then 

am{s^{k)) e jj({s | s j-realizes ipik)}) 

so since j0 = we see that there exists a j-realizer for tlj{k); hence by induction 
hypothesis i)a) for tp, tp{k) is true. 
Induction step i)b) for ^: define s^^^ by 

s^^^ik) = I3{\m.s^{k)) 
The proof that this works is left to the reader. 
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Induction step ii) for — >■ follows by logic from the induction hypotheses for ^ 
and tjj. 

Induction step i)a) for A: follows readily from the induction hypotheses. For 
i)b), define 

(fc) = Si{s4k),s^{k))) 
Again, induction step ii) follows by logic. 

Induction step for V: i)a) follows easily from the induction hypotheses. For 
i)b), given (p{k) V ij{k) let, by induction hypothesis ii) for ^, m be a j-realizer 

of Vx(0(a;) V -i(/>(x)), so 

mk e j{{s I s j-realizes V -i(^(fc))} 
Let a be such that for all k, y: 

akv - ( J if(2/)o=0 

"'''y - \ {l,s^{k)) if(2/)o^O 

Define s^y^{k) = a{ak){mk). This satisfies the induction step: assume ^{k) V 
ip{k) is true. Then whenever y j-realizes (?!)(fc) V -'(j){k), we have by induction 
hypothesis on </> and tp, that aky j-realizes 0(fc) \/ip{k). Therefore a{ak){mk) is 
an element of j{{s \ s j-realizes (p{k) V V'(A;)}), as desired. 
Induction step ii) for V again follows by logic. 

Induction step for V: i)a) if m j-realizes \/x(j){k,x) then for all n, mn is defined 
and an element of j{{s \ s j-realizes n)}; since j0 = 0, by the induction 
hypothesis for (j) it follows that for all n, ^{k, n) is true; hence \lx(j){k, x) is true. 
For i)b) define syx4,{k) = l3{Xy.s^{k,y)). Verification is easy. 
For ii) let A be the arithmetical set 

{k I for all a; e N, (j){k, x) is true} 

By assumption on j, j forces this set to be decidable; let a be such that for all 
k, ok G i({0}) if € A, and ok € j({l}) otherwise. Let h be such that for all 
k, v: 

hki, ~ / "(^w-(O,M))(svx0(fc)) ifw = 
~ \ a(Aw.(l,w))(/3(0)) ifv^O 

Then if v = and k € A, it follows by step i)b) just proved, that 

bkv e i({(0, s) I s j'-realizes Va;^(fc, a;)}) 
and if V = 1 and k ^ A then by step i)a) just proved it follows that 

bkv G s) I s j-realizes -iVx0(fc, x)}) 

So when v € {XA{k)} (where XA is the characteristic function of A) then 
bkv G j{{s I s j-realizes Vx^(fc, x) V -Nx(j){k, x)}) 
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Therefore, since ak £ j{{XA{k)}) we have 

a{bk){ak) £ jj{{s \ s j-realizes \/x(j){k,x) V -iVa;(^(fc, x)}) 

so 

^{a{bk){ak)) £ j({s | s j-realizes \/x(f){k, x) V -iVx0(fc, x)}) 

and Xk.^{a{bk){ak)) is thus a j-realizer for \/y(yx(j}{y, x) V -iVx(/)(?7, cc)). 

Induction step for 3: i)a) follows at once from the induction hypothesis. 
We prove i)b) and ii) simultaneously. Clearly, from the induction hypothe- 
ses on (f) it follows that 3x(j3{k,x) is true if and only it has a j-realizer. So 
the set A = {k \ 3x(f>{k, x) has a j-realizer} = {k \ 3x(j){k, x) is true} is arith- 
metical. By hypothesis on j, its characteristic function is forced to be total 
by j. Also, by induction hypothesis, the characteristic function of the set 
{k,v\(j){k,v) has a j-realizer} is forced to be total by j. Since by Hyland's 
theorem p.4p the set of functions which are forced to be total by j is closed 
under 'recursive in', the function 



fik) = 



if for no 4>{k, v) has a j-realizer 
m + 1 if m is least such that (/)(A;, m) has a j-realizer 



is forced to be total by j; let a be such that for all fc, ak £ j{{f{k)}). 

If 3v4>{k, v) is true hence f{k) = m+1 for some m, then by induction hypoth- 
esis i)b) on (p, 6{{l3{m), s^{k,m))) is an element of j({s | s j-realizes Elw(/)(fc, v){). 
It follows that 

a{Xn.S{{^{n - 1), s^{k, n - l))))(ak) 
is an element of jj({s | s j-realizes 3v(j){k, w)}); so if we define sjy^{k) by 

j[a{Xn.S{{f3{n - l),s^{k, n - l))))(afc)] 
then S3i,0 has the required property. 

The proof that \/y(^x(j){y, x)\/-'3x4>{y, x)) has a j-realizer, is now straightforward 
(again, one uses the function /), and left to the reader. I 
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